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$q$ $a,$ $b,$ $c,$ $d$ 4
Jacobi $q$
$qarrow 1$ master family
Macdonald Askey-Wilson
1 ($A_{1}$ , $BC_{1}$ )
$\mathrm{T}.\mathrm{H}$. Koornwinder Askey-Wilson $n$
$q$ $n=1$ Askey-Wilson $n\geq 2$
$q$ $a,$ $b,$ $c,$ $d,$ $t$ 5 Koornwider “Askey-
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\S 1: Macdonald-Koornwinder .
$x=(x_{1}, \cdots, x_{n})$ $(\mathbb{C}^{*})^{n}$ Laurent
$A=\mathbb{C}[x^{\pm 1}]=\mathbb{C}[X_{1’ n}^{\cdot},X^{\pm 1}]\pm 1\ldots$
$A$ $n$ $P=\mathbb{Z}\epsilon_{1}\oplus\cdots\oplus \mathbb{Z}\epsilon_{n}$ $\mathbb{C}[P]$
$P$ (integral) weight weight $\lambda=\lambda_{1}\epsilon_{1}+\cdots+\lambda_{n}\epsilon n\in P$
$A$ $x^{\lambda}=x_{1}^{\lambda_{1}}\cdots X_{n}\lambda_{n}$ $\lambda$ $n$ $\lambda=(\lambda_{1}, \cdots, \lambda_{n})$
–
Laurent $A$ $x_{1},$ $\cdots,x_{n}$
$x_{k}arrow x_{k}^{-1}$ $W=\{\pm 1\}^{n}\mathrm{x}6_{n}$ ( )
$A^{W}$ $\mathbb{C}$
$P^{+}=\{\lambda=\lambda 1\epsilon_{1}+\cdots+\lambda n\epsilon_{n}\in P ; \lambda_{1}\geq\cdots\geq\lambda_{n}\geq 0\}$
$P^{+}$ dominant weight $\lambda\in P^{+}$ orbit sum
$m_{\lambda}(x)k$
$m_{\lambda}(x)= \sum_{\mu\in W\lambda}x^{\mu}$
$\{m_{\lambda}(x);\lambda\in P^{+}\}$ $A^{W}$ $\mathbb{C}$ :
$A^{W}=\oplus\lambda\in P+\mathbb{C}m_{\lambda(_{X)}}$
.
$P^{+}$ $\lambda=(\lambda_{1}, \cdots, \lambda_{n})$ Young
Macdonald-Koornwinder $A^{W}$ Laurent
$q$ $(a, b, c, d, t)$ 5 generic
$(a, b, c, d, t)$





$\lambda\geq\mu$ dominance order weight
$\lambda_{1}\geq\mu_{1},$ $\lambda_{1}+\lambda_{2}\geq\mu_{1}+\mu_{2},$ $\cdots,$ $\lambda_{1}+\cdots+\lambda_{n}\geq\mu_{1}+\cdots+\mu_{n}$
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$T_{q,x_{k}}$ $x_{k}$ $q$ $x_{k}arrow qx_{k}$ $D$
$A^{W}$ $\lambda\in P^{+}$ $P_{\lambda}(x)$ $D$ :
$DP_{\lambda}(_{X})=c\lambda P\lambda(X)$ , $c_{\lambda}= \sum_{k=1}\{ab_{C}dq^{-}tn--1(12kq^{\lambda}k-1)+t^{k-}1(q^{-}\lambda k-1)\}$ .
(2) $q$ $0<q<1$ , $a,$ $b,$ $c,$ $d,$ $t$
1
$\Delta^{+}(x)=\prod_{k=1}^{n}\frac{(x_{k}^{2}\cdot q)_{\infty}}{(ax_{k},bX_{k,k}Cx,dx_{kq})_{\infty}},,\cdot 1\leq j\leq n\prod_{i<}\frac{(x_{i}/x_{j},x_{ij,q}X.)_{\infty}}{(tx_{i/X}Xj,tX_{i}j,q)_{\infty}}$
.
$(a;q) \infty=i=\prod_{0}^{\infty}(1-aq)i$ , $(a_{1}, \cdots, a_{m};q)_{\infty}=(a1;q)\infty\cdots$ $($am; $q)_{\infty}$
$A^{W}$ Hermite $\langle, \rangle$ $f(x),$ $g(x)\in A^{W}$
$\langle f(x), g(X)\rangle=\frac{1}{|W|}(\frac{1}{2\pi\sqrt{-1}})^{n}\int_{T}\overline{f(x)}g(x)|\Delta^{+}(_{X)}|^{2}\frac{dx_{1}\cdot\cdot.dx_{n}}{x_{1}\cdot\cdot x_{n}}$
.
$T=\{|x_{1}|=\cdots=|x_{n}|=1\}$ . $\{P_{\lambda}(x);\lambda\in P^{+}\}$
$A^{W}$ :
$\langle P_{\lambda}(X), P_{\mu}(X)\rangle=0$ $(\lambda, \mu\in P^{+};\lambda\neq\mu)$ .
(0) (1) (0) (2) $A^{W}$
$\{P_{\lambda}(x);\lambda\in P^{+}\}$ – Laurent
Macdonald-Koornwinder $P_{\lambda}(x)=P_{\lambda}(x;a, b, c, d, t;q)$ $\circ$
1 $q$ $D$ van Diejen $[\mathrm{v}\mathrm{D}]$
$q$ $D=D_{1},$ $D_{2},$ $\cdots,$ $D_{n}$












$\mathrm{K}[x^{\pm 1}; \tau_{q,x}]\pm 1=\mathrm{K}[x_{1}^{\pm 1}, \cdots, X_{n}^{\pm 1}; \tau^{\pm 1}q,x1’\ldots, T_{q,x_{n}}^{\pm 1}]$
( $\mathrm{K}$ $\mathbb{Q}(q^{\frac{1}{2}})$
) $x_{k}$ $T_{q,x_{k}}$
$\tau_{k}=T_{q,x_{k}}$ $x_{1},$ $\cdots,$ $x_{n},$ $\tau_{1},$ $\cdots,$ $\tau_{n}$ $\tau_{i}x_{j}=$
$q^{\delta}:jx_{j^{\mathcal{T}}i}$ $(1 \leq i,j\leq n)$ $n$
$P=\mathbb{Z}\epsilon_{1}\oplus\cdots\oplus \mathbb{Z}\epsilon_{n}$ $\langle\epsilon_{i}, \epsilon_{j}\rangle=\delta_{ij}$ – $P$
$P^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Z}}(P,\mathbb{Z})$ –




$\mathrm{k}[q^{\pm}, x, \tau]1\pm 1\pm 1$ $(\mathbb{Z}\delta\oplus P)\mathrm{x}P^{*}$
$(m\delta+\lambda, h).(m’\delta+\lambda’, h’)=((m+m’+\langle h, \lambda’\rangle)\delta+\lambda+\lambda’, h+h’)$
Heisenberg $\circ$ formal exponential $\mathrm{e}^{m\delta},$ $\mathrm{e}^{\lambda},$ $\mathrm{e}^{h}$
$q^{m},$ $x^{\lambda},$ $\tau^{h}$ –
$q$ $\mathrm{K}[x^{\pm 1}; \tau^{\pm}]1$ Weyl $W=\{\pm 1\}^{n}\aleph 6_{n}$
Weyl $q$ $\mathrm{K}[x^{\pm 1}; \mathcal{T};\pm 1W]$
Weyl $P$ $P^{*}$
$\langle h.w, \lambda\rangle=\langle h, w.\lambda\rangle$ $(h\in P^{*}, \lambda\in P)$
$P^{*}$ $W$ $w.h=h.w^{-1}$
$q$ Weyl $w\in W$
$wx^{\lambda}=X^{w.\lambda}w$ , $w\tau^{h}=\tau^{w.h}w$
Laurent $\mathrm{K}[x^{\pm 1}]$
$\tau^{h}.x^{\lambda}=q\langle h,\lambda)_{X}\lambda$ , $w.x^{\lambda}=x^{w.\lambda}$
$\mathrm{K}[x^{\pm 1}]$ $\mathrm{K}[x^{\pm 1}; \mathcal{T};W\pm 1]$ Weyl q
$\mathrm{K}[x^{\pm 1}; \tau^{\pm};W1]$ affine Weyl $\overline{W}=P^{*}\cross W$
$\mathrm{K}[\tau^{\pm 1}; W]$ ( $\mathrm{K}[x^{\pm 1}$ ; $W]$ )
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$P$ $C_{n}$ weight lattice ( $BC_{n}$
)
$R=R_{+}\cup(-R_{+})$ , $R_{+}=\{\epsilon_{i}-\epsilon j, \epsilon i+\epsilon_{j}(1\leq i<j\leq n), 2\epsilon_{k}(1\leq k\leq n)\}$.
$\alpha_{1},$ $\cdots,$ $\alpha_{n}$
$\alpha_{1}=\epsilon_{1}-\epsilon_{2},$ $\cdots,$ $\alpha_{n-1}=\epsilon_{n-}1-\epsilon n’\alpha n2\epsilon n=$ .
weight lattice $P$ $\alpha\in R$
$s_{\alpha}(\lambda)=\lambda-\langle\alpha\lambda,\rangle\alpha$ , $\alpha^{\vee}=2\alpha/\langle\alpha, \alpha\rangle$
affine Weyl $\overline{W}=P^{*}\rangle\triangleleft W$ – $\tau(\nu)w(\nu\in P^{*}, w\in W)$
$\tau(\nu)(\nu\in P^{*})$ $\mathbb{Z}\delta\oplus P$ :
$\tau(\nu)(m\delta+\lambda)=(m+\langle\nu, \lambda\rangle)\delta+\lambda$.
$\mathrm{e}^{\delta}=q,$ $\mathrm{e}^{\lambda}=x^{\lambda}$ $\tau(\nu)$ $\mathrm{K}[\overline{W}]=\mathrm{K}[\mathcal{T}^{\pm 1} ; W]$
$q$
$\tau^{\nu}$









$a_{0}=\delta-2\epsilon 1,$ $a_{1}=\epsilon_{1^{-\epsilon}}2,$ $\cdots,$ $a_{n-1}=\epsilon n-1^{-}\epsilon n’$ $an=2\epsilon n$
( $2\epsilon_{1}$ highest root $k=1,$ $\cdots,$ $n$ $a_{k}=\alpha_{k}.$ )
$s_{k}=s_{a_{k}}(k=0,1, \cdots, n)$ affine Weyl $\overline{W}=P^{*}\mathrm{x}W$
$s_{0},$ $s_{1},$ $\cdots$ , $s_{n}$
$s_{k}^{2}=1$ $(k=0,1, \cdots, n)$
$s_{0}s_{1^{S_{01}}}S=s_{1}s_{\mathrm{o}}s1^{S}0$







affine Weyl $\overline{W}=P^{*}\lambda W=\langle_{S_{0},S_{1}}, \cdots, s_{n}\rangle$ affine Hecke
affine simple root $a_{k}(k=0,1, \cdots, n)$ $t_{k}$ (
) $t_{1}=\cdots=t_{n-1}=t$ $\mathrm{K}$ $t^{\underline{\frac{1}{0^{2}}}},$$t^{\frac{1}{2}},$ $t^{\frac{1}{n2}}$
$\overline{W}$ Hecke $H(\overline{W})$ $H(W)$
$T_{0},$ $T_{1},$ $\cdots,$ $T_{n}$
$(T_{k}-t^{\frac{1}{k2}})(\tau+t_{k}^{-\frac{1}{2}})=0$ $(k=0,1, \cdots, n)$
$T_{0}T_{1}T0T_{1}=T_{1}T0T1\tau 0$



















$\mu,$ $\nu\in(P^{*})^{+}$ $\Rightarrow$ $T(\tau^{\mu})\tau(_{\mathcal{T}^{\nu})}=T(\mathcal{T}^{\nu})T(\tau^{\mu})$












$\mathrm{K}[\mathrm{Y}^{\pm 1}]=\mathrm{K}[\mathrm{Y}_{1}^{\pm}1, \cdots, \mathrm{Y}_{n}^{\pm 1}]=\bigoplus_{\nu\in P^{*}}\mathrm{K}\mathrm{Y}^{\nu}$
affine Hecke $H(\overline{W})$








\S 3: Dunkl $q$ .
affine Hecke $x=(x_{1}, \cdots, x_{n})$
Weyl $q$ $\mathrm{K}(x)[\tau;\pm 1W]$
affine Hecke $H(\overline{W})$ 3 $t_{0},$ $t_{1}=\cdots=t_{n-1}=$
$t,$ $t_{n}$ 2 $u_{0},$ $u_{n}$
( )
$\pi:H(\overline{W})arrow \mathrm{K}(x)[_{\mathcal{T}}\pm 1];W$





$\pi(\mathrm{Y}_{n})\in \mathrm{K}(x)[\mathcal{T}\pm 1;W]$ Dunkl
$u_{0},$ $u_{n}$ $u_{1}=\cdots=u_{n-1}=1$








$x^{a_{\mathrm{O}}}=qx_{1}^{-2}$ , $So=s_{2\epsilon_{1}1}\tau$ $\hat{T}_{0},\hat{T}_{1},$ $\cdots,\hat{T}_{n}$
$H(\overline{W})$
$\mathrm{K}$ $\pi:H(\overline{W})arrow \mathrm{K}(x)[\tau^{\pm};W1]$ $\pi(T_{k})=\hat{T}_{k}(k=0,1, \cdots, n)$
– injective affine Hecke
$H(\overline{W})$ Weyl $q$ $\mathrm{K}(x)[\tau^{\pm 1}; W]$
$\pi$ $H(\overline{W})$
$H(\overline{W})$ $\mathrm{K}[\mathrm{Y}^{\pm 1}]$ $C_{n}$
$\mathrm{Y}_{1},$
$\cdots,$
$\mathrm{Y}_{n}$ %, $T_{1}$ . $\cdots,$ $T_{n}$
$k=1,$ $\cdots,$ $n$
$\mathrm{Y}_{k}=T_{k}T_{k+}1\ldots\tau n\tau_{n-1}\cdots T_{\mathit{0}}T_{1}^{-}1\ldots\tau 1k^{-}-1^{\cdot}$
Dunkl $\mathrm{Y}_{1},$ $\cdots,$ $\mathrm{Y}_{n}$
2 $\alpha\in R_{+}$ $\mathcal{R}(\alpha)$
4 $\alpha\in R+$ 2 $\mathcal{K}_{0}(\alpha),$ $\mathcal{K}_{n}(\alpha)$







$\mathcal{K}_{n}(\alpha_{n})=T_{n}s_{n}$ $(k=1, \cdots, n)$
:
$\mathrm{Y}_{k}=\mathcal{R}(\epsilon_{k}-\epsilon k+1)\cdots R(\epsilon k-\epsilon n)\mathcal{K}_{n}(2\epsilon k)$
$\cross \mathcal{R}(\epsilon_{k}+\epsilon_{n})\cdots \mathcal{R}(\epsilon k+\epsilon k+1)\mathcal{R}(\epsilon_{k}-1+\epsilon k)\cdots R(\epsilon 1+\epsilon k)$
$\cross\{t_{0}^{-\frac{1}{2}}\frac{(1-t^{\frac{1}{0^{2}}}u^{\frac{1}{0^{2}}}q\frac{1}{2}X_{k})(1+tu_{0}q\frac{1}{2}Xk)\frac{1}{\mathit{0}^{2}}-\frac{1}{2}}{1-qx_{k}^{2}}(\tau k-1)+\mathcal{K}_{\mathit{0}(2\epsilon)}k\}$
$\cross \mathcal{R}(\epsilon_{1}-\epsilon k)-1\ldots R(\epsilon_{k-1}-\epsilon k)-1$ .
Laurent $f(\tau)\in$
$\mathrm{K}[\tau^{\pm 1}]$ Dunkl $\mathrm{Y}=(\mathrm{Y}_{1}, \cdots, \mathrm{Y}_{n})$ $f(\mathrm{Y})\in \mathrm{K}(x)[\tau;\pm 1W]$
$\mathrm{K}[\mathrm{Y}^{\pm 1}]\subset \mathrm{K}(x)[\tau;W\pm 1]$





$q$ $W$ $\mathrm{Y}$ Laurent $f(\mathrm{Y})\in$








$D_{f}(f\in \mathrm{K}[\tau^{\pm 1}]^{W})$ $W$ $q$
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$T_{k}(k=0,1, \cdots, n)$ $H(\overline{W})$ $\mathrm{K}(x)$
$\mathrm{K}[x^{\pm 1}]$ $W$ Laurent $P(x)\in$
$\mathrm{K}[X^{\pm 1}]^{W}$ affine Hecke $L\in H(\overline{W})$ $q$
$L.P(x)=\mathrm{S}\mathrm{y}\mathrm{m}(L).P(X)\in \mathrm{K}[x^{\pm 1}]$
$f(\mathrm{Y})\in \mathrm{K}[\mathrm{Y}^{\pm 1}]^{W}$ $D_{[}=\mathrm{S}\mathrm{y}\mathrm{m}(f(\mathrm{Y}))$
$W$ $W$ Laurent :
$f(\mathrm{Y}).P(x)=D_{f}.P(x)\in \mathrm{K}[X^{\pm 1}]^{W}$ .
















$D_{\epsilon_{1}}$ 2 $q$ $D$ :
$D_{\epsilon_{1}}=(t_{0}t_{n})- \frac{1}{2}t^{-}n+1D+(t_{0}t_{n})\frac{1}{2}\frac{1-t^{n}}{1-t}+(t_{0}t_{n})-\frac{1}{2}\frac{1-t^{-n}}{1-t^{-1}}$ .
$D_{f}(f\in \mathrm{K}[\tau^{\pm 1}]^{W})$ Macdonald-Koornwinder
$D$ generic $D$ $\mathrm{K}[x^{\pm 1}]^{W}$
1 $D_{f}$ Macdonald-Koornwinder
dominant weight $\lambda\in P^{+}$ character $\chi_{\lambda}$ : $\mathrm{K}[\mathcal{T}^{\pm 1}]^{W}$. $arrow \mathrm{K}$
$D_{f}.P_{\lambda}(X)=\chi_{\lambda}(f)P_{\lambda}(x)$ $(f\in \mathrm{K}[\tau^{\pm 1}]^{W})$
character $x\lambda(f)$
$\chi_{\lambda}(f)=f((t_{\mathit{0}^{t)^{\frac{1}{2}}}}nt^{n-}1q^{\lambda_{1}}, (t_{0}t_{n})\frac{1}{2}t^{n-}2q^{\lambda_{2}},$ $\cdots$ , $(t_{0}t_{n}) \frac{1}{2}q\lambda n)$
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